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COMPARISON OF THEORETICAL METHODS FOR EXTRACTING
RETENTION FACTORS AND RATE CONSTANTS IN LIQUID
CHROMATOGRAPHY

Amber M. Hupp and Victoria L. McGuffin

Department of Chemistry, Michigan State University, East Lansing, Michigan, USA

& In this research, experimental data are used to evaluate theoretical methods that provide
detailed information concerning mass transfer processes in liquid chromatography. To this end,
a well-characterized homologous series of fatty acids is separated on a polymeric octadecyl silica
stationary phase with a methanol mobile phase. These solutes are detected via laser-induced fluor-
escence to generate characteristic zone profiles as a function of column length and linear velocity.
Three theoretical methods are then applied to extract the thermodynamic and kinetic information
from the zone profiles. Each method relies on evaluating the shape of the zone profiles. The statisti-
cal moments of the profiles are used to calculate the mean and variance, which are related to the
retention factor and rate constant, respectively. The profiles are also fit to the exponentially modified
Gaussian equation and the Thomas equation. The fitting parameters from these equations are then
used to calculate the retention factors and rate constants. These methods are compared and their
inherent advantages and limitations are discussed.

Keywords exponentially modified Gaussian function, kinetic rate constants, liquid
chromatography, retention factor, statistical moments, Thomas model

INTRODUCTION

In order to deeply understand chromatographic and related separations,
both thermodynamic and kinetic information are required.[1] Thermo-
dynamic processes control the retention and selectivity, whereas kinetic
processes control the extent of zone broadening and asymmetry, each of
which affect the resolution of the separation. A number of studies have
been performed to elicit thermodynamic behavior, which is now well
understood for many systems.[2–5] However, kinetic behavior has not been
studied in as much detail. The conditions of slow kinetics continue to exist
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and need to be improved in liquid chromatography, particularly for
adsorption, complexation, chiral, affinity, and ion exchange mechanisms.[3]

Thus, a detailed understanding of kinetic behavior is necessary to identify
the rate-limiting processes so that separation speed may be increased with-
out sacrificing resolution. In order to better understand kinetic processes,
accurate measurement of rate constants and the associated kinetic
parameters must be accomplished.

A number of approaches have been used to determine kinetic
parameters.[3] Most commonly, direct chromatographic approaches are
utilized, where the zone profile is extracted from the elution chromato-
gram and then analyzed by different methods. Of these, the plate height
method is the most commonly used.[6–9] In this method, the zone profile
is analyzed to determine the plate height, either from the width or the vari-
ance, which is then related to the rate constants for mass transport.
Another common method is the exponentially modified Gaussian (EMG)
model.[10,11] By fitting the zone profiles to the EMG function, McGuffin
et al. were able to extract the kinetic properties arising from slow kinetics
of mass transfer.[12–15] Other models for studying thermodynamic and kin-
etic behavior include those developed by Giddings,[1] by Haarhoff and van
der Linde,[16] and by Thomas.[17,18] The Giddings model can be employed
for single-site adsorption under linear isotherm conditions, whereas the
Haarhoff–van der Linde and Thomas models can be used under linear or
nonlinear isotherm conditions. These models have many applications in
reversed-phase,[14,15,19] adsorption,[20,21] and affinity[20,22] chromatography.

To date, there have been few studies that directly compare and validate
theoretical methods for extracting kinetic parameters from chromato-
graphic data. Using stochastic simulation, Li and McGuffin evaluated
several methods for extracting kinetic rate constants by comparison to
the ‘‘true’’ value.[23] While each method had advantages and limitations,
each was found capable of determining thermodynamic and kinetic para-
meters accurately under the ideal conditions specified in the stochastic
simulation. However, the ability of these methods to extract thermodyn-
amic and kinetic information under practical conditions, where column
and extra-column contributions affect broadening and asymmetry, remains
to be evaluated.

The goals of this research are as follows: (1) to generate experimental
zone profiles as a function of column length, mobile phase linear velocity,
and solute carbon number; (2) to extract retention factors and kinetic rate
constants using different theoretical methods; and (3) to compare each
method with respect to their advantages and limitations. The experimental
conditions are specifically chosen to facilitate these goals. A well-
characterized homologous series is separated on an octadecyl silica station-
ary phase that provides a wide range of retention factors and rate constants.
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In this manner, the theoretical methods can be compared for well-behaved
solutes as well as those undergoing slow kinetic processes.

THEORY

The retention factor is a thermodynamic description of the interaction
strength of a solute with the mobile and stationary phases. The retention
factor (k) is calculated from measurable chromatographic parameters by

k ¼ tr � t0
t0

ð1Þ

where tr is the retention time of the solute and t0 is the elution time
of a non-retained compound. The kinetic rate constants quantify kinetic
aspects of the rate of solute transfer, and are related to the retention
factor by

k ¼ ksm
kms

ð2Þ

where ksm is the rate constant for the transfer from mobile to stationary
phase and kms is the rate constant for the transfer from stationary to mobile
phase.

Statistical Moment Method

In the statistical moment method, the moments may be calculated
directly from the zone profiles (i.e., without regression to specific equa-
tions). The first and second statistical moments in time units are defined as

M1 ¼
R
CðtÞtdtR
CðtÞdt ð3Þ

M2 ¼
R
CðtÞðt �M1Þ2dtR

CðtÞdt ð4Þ

where C(t) is the solute concentration as a function of time, M1 is the mean
retention time, and M2 is the peak variance. The retention factor is determ-
ined from the first moment by

k ¼ M1 � t0
t0

ð5Þ
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The method of calculating kinetic rate constants is derived by extension
of Giddings’ work.[1] The plate height (H) can be related to the second
moment by

H ¼ M2L

M 2
1

ð6Þ

where L is the column length. The mass transfer term (Cs) for slow kinetics
is given by

Cs ¼
2k

ð1 þ kÞ2kms
ð7Þ

Thus, the rate constants are related to the plate height by

kms ¼
2ku

ð1 þ kÞ2DH
and ksm ¼ 2k2u

ð1 þ kÞ2DH
ð8Þ

where u is the linear velocity and DH is the corrected plate height. The
corrected plate height represents slow mass transfer in the stationary phase
(Cs), and is calculated by

DH ¼ Csu ¼ H � A � Bm

u
� Bs

u
� Cmu ð9Þ

where A, Bm, Bs, and Cm are the classical contributions to zone broadening.[1]

The multiple paths term (A) characterizes the broadening that arises
from the variety of flow paths available in the packed column, and is
given by

A ¼ 2kdp ð10Þ

where k is the packing factor and dp is the particle size. The longitudinal
diffusion terms (Bm and Bs) characterize the random motion of molecules
in the mobile and stationary phases, respectively, and are given by

Bm ¼ 2cmDm ð11Þ

Bs ¼ 2csDsk ð12Þ

where cm and cs are obstruction factors and Dm and Ds are the diffusion
coefficients of the solute in the mobile and stationary phases, respectively.
The resistance to mass transfer term (Cm) represents broadening that
arises because solute molecules tend to remain in the same flow stream,
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each of which has a different velocity. This contribution is given by van
Deemter[24] as

Cm ¼
k2d2

p

100ð1 þ kÞ2Dm

ð13Þ

The van Deemter form was chosen because it requires no empirical
parameters and it performed more consistently in this study than the
Purnell,[25] Giddings,[1] and Giddings coupling[26,27] equations, as well as
the Miyabe-Guiochon method.[9] The evaluation of these equations is dis-
cussed in detail in the Appendix.

As shown in Equation (9), each of the broadening contributions in
Equations (10) to (13) is subtracted from the plate height in order to give
the corrected plate height. However, each contribution includes a para-
meter that is based on estimation. For this study, k, cm, and cs are taken
as unity, Dm is on the order of 10�5 cm2 s�1 and Ds ranges from 10�6 to
10�9 cm2 s�1 for solutes C10 to C20, which were estimated using the Wilke-
Chang equation.[28]

Statistical moments are an accurate method of determining the broad-
ening or plate height because they make no assumptions regarding the
shape of the solute zone. The model assumes that all contributions to vari-
ance that are not directly attributable to fast processes, such as axial disper-
sion, arise from slow kinetics. Implicitly, this suggests that slow kinetics
arises in the stationary phase. For a traditional packed column with a par-
tition mechanism, this may include external mass transfer, intraparticle dif-
fusion, and sorption=desorption kinetics.[9] There are several potential
sources of error in this method. The solute concentration must be within
the linear region of the isotherm, so that it does not contribute to the vari-
ance. Additionally, accurate calculation and subtraction of all fast mass
transfer terms (A, Bm, Bs, and Cm) must be performed, which is problem-
atic for packed columns in liquid chromatography. Empirical estimations
of these parameters will introduce errors. Finally, any extra-column contri-
butions to broadening, including those from the injector, detector, connec-
tions, etc., must be minimized or eliminated to assure accurate calculation
of thermodynamic and kinetic parameters. Since there are no theoretical
methods for the calculation of these parameters, empirical estimations
are necessary. In this work, extra-column contributions are eliminated
by detection at several points along the chromatographic column, with
subtraction of the parameters determined at each detector. Thus,
Equations (5) and (6) become

k ¼ DM1 � Dt0
Dt0

ð14Þ
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H ¼ DM2DL

ðDM1Þ2 ð15Þ

where Dt0 is the difference in the elution time of a non-retained
species, DM1 is the difference in the first moment, DM2 is the difference
in the second moment, and DL is the distance between two on-column
detectors.

Exponentially Modified Gaussian Method

When an incremental length of the chromatographic column is
considered, the zone broadening processes described in Equations (10)
to (13) are fast relative to the time spent in the incremental length. These
processes contribute to the symmetric broadening, which is described by a
Gaussian function

CðtÞ ¼ Affiffiffiffiffiffi
2p

p
rg

exp �0:5
t � tg
rg

� �2
 !

ð16Þ

where A is the area, tg is the retention time of the Gaussian component,
and rg is the standard deviation of the Gaussian component. Zone broad-
ening can also arise from mass transfer processes that are slow relative to
the time spent in the incremental length. These processes contribute to the
asymmetric broadening. For a partition or adsorption mechanism con-
sidered as a first-order or pseudo-first-order reaction, this contribution is
given by an exponential function

CðtÞ ¼ A exp
� t � tg
� �
s

� �
ð17Þ

where s is the standard deviation of the exponential component.
The resulting zone profile is the convolution of the Gaussian and the

exponential contributions, which is given by the exponentially modified
Gaussian (EMG) equation

CðtÞ ¼ A

2s
exp

r2
g

2s2
þ
tg � t

s

 !
erf

t � tgffiffiffiffiffiffiffiffi
2rg

p �
rgffiffiffiffiffi
2s

p
 !

þ 1

 !
ð18Þ

The zone profile is fit to the EMG equation by nonlinear regression to
extract the regression parameters. From these parameters, the retention
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time (tr) is calculated as

tr ¼ tg þ s ð19Þ

and the corresponding retention factor is calculated from Equation (1).
The method of calculating kinetic rate constants from the EMG model

is derived by extension of Giddings’ work.[1,13] The mass transfer term for
slow kinetics is given by Equation (7). By rearrangement, the rate constants
are given by:

kms ¼
2kt0
s2

and ksm ¼ 2k2t0
s2

ð20Þ

This method of determining the rate of transfer between phases by adjust-
ing an exponential equation on the tail of an asymmetric peak has been
justified by Vidal-Madjar and Guiochon,[29] and applied extensively by
McGuffin et al.[12–15,23]

In the EMG method, thermodynamic parameters are calculated using
both symmetric and asymmetric portions of the peak, while the kinetic
parameters are calculated using only the asymmetric portion of the peak.
This model assumes that all the contributions to asymmetric broadening
(s) arise from slow kinetics. There are several potential sources of error
in this method. The solute concentration must be within the linear region
of the isotherm, so that it does not contribute to the asymmetry. In
addition, any extra-column contributions to asymmetry must be minimized
or eliminated. In this work, this is accomplished by detection at several
points along the chromatographic column, with subtraction of the para-
meters determined at each detector. Thus, Equations (1) and (20) become

k ¼ Dtr � Dt0
Dt0

ð21Þ

kms ¼
2kDt0
Ds2

and ksm ¼ 2k2Dt0
Ds2

ð22Þ

where Dtr is the difference in the retention time and Ds2 is the difference in
s2. The EMG model is especially useful as it does not require a priori esti-
mation of symmetric column or extra-column contributions to broadening.

Thomas Method

A method for extracting thermodynamic and kinetic information for
frontal profiles was reported by Thomas[18] and later modified for elution
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zone profiles by Wade et al.[17] This model was derived for mechanisms that
can be considered as second-order sorption and first-order desorption reac-
tions under linear and nonlinear conditions. This theoretical equation is
given by

CðxÞ ¼ Ac
KC0

ð1 � expð�cKC0ÞÞ
ffiffiffiffiffiffiffiffi
k=x

p
I1ð2c

ffiffiffiffiffi
kx

p
Þ expð�cx � ckÞ

1 � T ðck; cxÞð1 � expð�cKC0ÞÞ

 !
ð23Þ

where

T ðu; vÞ ¼ expð�vÞ
Z u

0
expð�xÞI0ð

ffiffiffiffiffiffiffiffi
2vx

p
Þdx ð24Þ

and A is the area, c is a dimensionless constant equal to the product of the
desorption rate constant (kms) and t0, K is the equilibrium constant, k is the
mean, and C0 is the initial concentration. After conversion from the time
domain (t) to the retention factor domain (x), the zone profile is fit by non-
linear regression to Equation (23). From the regression parameters (A, k, c,
KC0), the corresponding retention factor and rate constants are obtained.

The Thomas model assumes that all contributions to symmetric and
asymmetric broadening arise from nonlinear isotherms and slow kinetics.
There are several potential sources of error in the method. First, the
method assumes the kinetics and the isotherm to be Langmuirian. Next,
column contributions from multiple paths and diffusion in the mobile
and stationary phases must be negligible. Additionally, any extra-column
contributions, including those from the injector, detector, connections,
etc., must also be negligible. However, unlike the moment and EMG mod-
els, there is no a posteriori method to correct for these contributions.

EXPERIMENTAL METHODS

Chemicals

A series of fatty acids (Sigma) ranging from C10 to C20 is derivatized with
4-bromomethyl-7-methoxycoumarin (Sigma), as described previously.[30]

The solvent is evaporated in a stream of dry nitrogen at 40�C and the resi-
due is dissolved in high-purity methanol (Burdick and Jackson Division,
Honeywell).

Experimental System

The solutes are separated by capillary liquid chromatography. A
fused-silica capillary (200 mm i.d., 76 cm, Polymicro Technologies) is packed
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via the slurry method and terminated with a quartz wool frit. The packing
material is a polymeric octadecyl silica phase that is characterized by a
5.5 mm particle size, 190 Å pore size, and 240 m2 g�1 surface area (IMPAQ
200, PQ Corp.). It is prepared by reaction of the silica support with
triethoxyoctadecylsilane at a bonding density of 5.4 mmol m�2. Columns
prepared in this manner have uniform radial and axial packing and have
small extra-column variance, on the order of 10 nL.[31]

The methanol mobile phase (Burdick and Jackson Division, Honey-
well) is delivered via a single-piston reciprocating pump (Model 114 M,
Beckman Instruments) that is operated in constant-pressure mode at
4000 psi. The sample is introduced by a 1.0 mL injection valve (Model
ECI4W1, Valco Instruments) and then is split between the capillary column
and a fused-silica capillary (50 mm i.d., 60 cm, Polymicro Technologies).
Another fused-silica capillary (20 mm i.d., 2000 cm, Polymicro Technolo-
gies) is attached post-column to serve as a restrictor. The length of the
restrictor is systematically decreased to adjust the flow rate along the
column while maintaining constant pressure. The injector, splitter, column,
and restrictor are enclosed within a cryogenic oven maintained at 30�C.

Solute detection is achieved by on-column laser-induced fluores-
cence.[31] A continuous-wave helium-cadmium laser (Model 3074–20 M,
Melles Griot), with approximately 28 mW power at 325 nm, is used as the
excitation source. The laser is focused onto UV-grade optical fibers
(100 mm, Polymicro Technologies) and is transmitted to four locations
along the column (23.2, 28.7, 52.8, 58.3 cm) where the polyimide coating
on the capillary has been removed. The fluorescence power at each
location is collected orthogonally by large diameter optical fibers
(500 mm, Polymicro Technologies) and transmitted through a 420-nm inter-
ference filter (S10-410-F, Corion) to a photomultiplier tube (Model R760,
Hamamatsu). After amplification, the photocurrent is converted to the
digital domain (PCI-MIO-16XE-50, National Instruments) and stored by a
user-defined program (Labview v5.1, National Instruments).

Data Analysis

After separation, the solute zone profiles are individually extracted
from the chromatogram and then analyzed. In preliminary studies, several
models were examined for experimental data analysis. Each profile was fit
by nonlinear regression to the Gaussian and Giddings equations by a
commercially available program (PeakFit v4.14, SYSTAT Software). The
Gaussian model assumes a symmetric peak shape, whereas the Giddings
model assumes negligible column contributions from multiple paths and
diffusion in the mobile and stationary phases; both assumptions are not
valid for all solutes in this experiment. The Gaussian model produced
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nonrandom residuals with correlation coefficients ranging from 0.990 to
0.813 for C10 to C20, respectively. The Giddings model also contained non-
random residuals with correlation coefficients ranging from 0.990 to 0.830
for C10 to C20, respectively. Due to the poor quality of fit, these models were
not used for further analysis of the zone profiles. Other models that can
account for asymmetric peak shapes were then evaluated and determined
to be more suitable. For the statistical moment method, the profile was
fit to an asymmetric double sigmoidal function (ADS), using a commer-
cially available program (TableCurve v2.02, SYSTAT Software). The fit equa-
tion was then regenerated (Excel v2003, Microsoft), from which the
statistical moments are calculated. This method produces high quality fits
(correlation coefficients ranging from 0.999 to 0.979), reduces noise, and
allows control of peak integration limits. In this work, the integration limits
are identified at 0.1% of the maximum peak height, as the error in the stat-
istical moments, particularly the second moment, has been proven small
under these conditions.[32] Each profile is also fit by nonlinear regression
to the EMG and Thomas equations by a commercially available program
(PeakFit v4.14, SYSTAT Software). The regression of the zone profiles to
each of these equations is excellent, with correlation coefficients ranging
from 0.999 to 0.941 for the EMG equation and 0.998 to 0.942 for the
Thomas equation. However, each of the models fits the zone profile differ-
ently. As shown in Figure 1, the EMG model overestimates the peak
maximum and tail and underestimates the region around the mean, while
the Thomas model behaves in the opposite manner. The high correlation

FIGURE 1 Regression analysis of coumarin-labeled C18 fatty acid at 0.062 cm s�1. Experimental data
(—), exponentially modified Gaussian equation (- - - -), Thomas equation (——), asymmetric double sig-
moidal equation (——).
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coefficients result from the average of positive and negative error in both
the EMG and Thomas models. The fit of the ADS equation is most accu-
rate; however, it lacks physical and chromatographic significance.

RESULTS AND DISCUSSION

Retention Factor

The retention factors at each on-column detector at a representative
linear velocity are plotted in Figure 2. The trends shown here are observed
consistently at each linear velocity. These retention factors are not cor-
rected for extra-column effects. For all methods, the retention factor
increases slightly as a function of column length. For example, if the C16

fatty acid is considered, the retention factor increases by 4.8% for the stat-
istical moment, 4.6% for the EMG, and 3.5% for the Thomas methods. To
further examine the effect of distance on retention factor, the difference
method was used, as it corrects for volume- and time-based extra-column
variance.[31] The retention factors are calculated using Equation (21)
between detectors 4 and 1 (DL¼ 35.1 cm), detectors 4 and 2 (DL¼ 29.6 cm),
and detectors 3 and 2 (DL¼ 24.1 cm), as summarized for the EMG model
in Table 1. As the distance between the detectors increases, there is no sig-
nificant change in the retention factor (0 to 1.4%). Because the retention
factor is a measure of thermodynamic conditions, the constancy along the
column implies that steady state has been achieved, and reliable extraction
of the kinetic information can occur.

Representative values for the retention factor calculated by difference
(between detectors 4 and 1) are summarized for each model in Tables 2–
4. Retention factors are quite similar for all models and show the same
trends with velocity and carbon number. The retention factor decreases
with increasing linear velocity for all solutes. It may be noted that, at any
velocity, the solute must transfer between the stationary and mobile phases
toward equilibrium. At higher velocities, equilibrium conditions are more
difficult to achieve because the mobile phase is moving faster, yet the
stationary phase remains immobile, which leads to a decrease in retention.
This effect is most apparent for solutes with longer alkyl chains, which on
average spend a longer time in the stationary phase. For example, when
using the statistical moment model, the retention factor for C10 decreases
by approximately 13%, whereas the retention factor for C20 decreases by
approximately 26% as the velocity is increased. Thus, a change in linear
velocity plays a more significant role in the retention of solutes that are
highly retained.

The retention factor increases logarithmically with an increase in
carbon number, as shown in Figure 3. Each additional ethylene group
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FIGURE 2 Retention factor plotted versus distance for statistical moment (A), exponentially modified
Gaussian (B), and Thomas (C) methods at 0.088 cm s�1. Solutes: C10 (^), C12 (&), C14 (~), C16 (�), C18

(&), C20 (�).
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systematically adds to the interaction of the solute with the stationary phase,
causing the solute to become more retained as the carbon number
increases. The retention factors for each solute calculated with each model
are within 3% of one another at all velocities, except the Thomas model at
the highest velocity. At 0.368 cm s�1, values for the Thomas model differ by
0 to 9.4% from those for the moment and EMG models. Overall, each
model provides reasonably consistent thermodynamic information.

Rate Constant

While retention factors provide information about the equilibrium or
steady-state chromatographic behavior, rate constants provide information
about the non-equilibrium or kinetic behavior. The rate of mass transfer
depends not only on the chemical structure of the solute, but also on the
experimental conditions. For this reason, the distance the solute has tra-
veled along the column, the velocity of the mobile phase, and the chemical
structure of the solute are important with regard to their impact on the rate
constants.

TABLE 2 Retention Factors for Coumarin-labeled Fatty Acids as a Function of Linear Velocity (u)
using Statistical Moment Method by Difference Between Detectors 4 and 1

Retention Factor, k

Solute u¼ 0.045 cm s�1 u¼ 0.062 cm s�1 u¼ 0.088 cm s�1 u¼ 0.150 cm s�1 u¼ 0.368 cm s�1

C10 0.39 0.39 0.38 0.37 0.34
C12 0.76 0.75 0.74 0.71 0.64
C14 1.55 1.53 1.51 1.43 1.21
C16 3.30 3.27 3.18 2.99 2.41
C18 6.85 6.79 6.58 6.12 4.69
C20 12.9 12.8 12.3 11.5 8.52

TABLE 1 Retention Factors as a Function of Length (L) between Detectors Calculated
using Exponentially Modified Gaussian Method at a Linear Velocity of 0.088 cm s�1

Retention Factor, k

Solute L4 – L1¼ 35.1 cm L4 – L2¼ 29.6 cm L3 – L2¼ 24.1 cm

C10 0.38 0.38 0.38
C12 0.74 0.74 0.74
C14 1.50 1.50 1.51
C16 3.19 3.18 3.21
C18 6.60 6.58 6.67
C20 12.4 12.4 12.5
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TABLE 4 Retention Factors for Coumarin-labeled Fatty Acids as a Function of Linear Velocity (u)
using Thomas Method at Detector 4

Retention Factor, k

Solute u¼ 0.045 cm s�1 u¼ 0.062 cm s�1 u¼ 0.088 cm s�1 u¼ 0.150 cm s�1 u¼ 0.368 cm s�1

C10 0.38 0.37 0.37 0.36 0.34
C12 0.74 0.73 0.72 0.71 0.65
C14 1.51 1.50 1.48 1.42 1.27
C16 3.25 3.22 3.15 3.01 2.57
C18 6.78 6.72 6.58 6.23 5.11
C20 12.9 12.8 12.5 11.8 9.49

TABLE 3 Retention Factors for Coumarin-labeled Fatty Acids as a Function of Linear Velocity (u)
using Exponentially Modified Gaussian Method by Difference between Detectors 4 and 1

Retention Factor, k

Solute u¼ 0.045 cm s�1 u¼ 0.062 cm s�1 u¼ 0.088 cm s�1 u¼ 0.150 cm s�1 u¼ 0.368 cm s�1

C10 0.39 0.39 0.38 0.37 0.34
C12 0.76 0.75 0.74 0.71 0.63
C14 1.56 1.54 1.50 1.43 1.21
C16 3.34 3.28 3.19 2.99 2.41
C18 6.95 6.81 6.60 6.15 4.70
C20 13.2 12.9 12.4 11.5 8.6

FIGURE 3 Retention factor plotted versus carbon number for statistical moment (�), exponentially
modified Gaussian (&), and Thomas (~) methods at 0.088 cm s�1.
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Effect of Column Length
If the system is at steady state, both the thermodynamic and kinetic

properties should remain constant with distance. The preceding investi-
gation of retention factor suggests that steady state has been achieved. Thus,
the kinetic rate constants should be constant with distance as well. The rate
constants from stationary to mobile phase (kms) at each on-column detec-
tor at a representative linear velocity are plotted in Figure 4. The trends
shown here are observed consistently at each linear velocity. These rate con-
stants are not corrected for extra-column effects. Obvious differences in the
values for the rate constants using the three methods can be observed. First,
rate constants for the statistical moment model fluctuate with increasing
column length (Figure 4A), while they decrease slightly for the EMG model
(Figure 4B), and are constant for the Thomas model (Figure 4C). In
addition, the rate constants for C10 to C20 in the moment and EMG models
span several orders of magnitude, while in the Thomas model they span
only one order of magnitude. Moreover, rate constants fluctuate by as
much as 86% for the moment method, 48% for the EMG method, and
39% for the Thomas method.

To investigate the effect of distance on the rate constants in more
detail, the difference method was utilized. The rate constants are calculated
using Equation (22) between detectors 4 and 1 (DL¼ 35.1 cm), detectors 4
and 2 (DL¼ 29.6 cm), and detectors 3 and 2 (DL¼ 24.1 cm), as summar-
ized for the EMG method in Table 5. As the distance between detectors
increases, there is fluctuation in the rate constant for each solute (3 to
20%). This decrease in the amount of fluctuation, relative to 48% at an indi-
vidual detector (vide supra), illustrates the advantage of using the difference
method. Moreover, it is apparent that the moment and EMG methods by
difference have less error than the Thomas method at a single detector.
All methods show significant fluctuation, which suggests that these mea-
surements should be considered, at best, an order of magnitude estimate
of kinetic behavior.

Effect of Linear Velocity
Representative values for rate constants as a function of linear velocity

are summarized in Tables 6–8. Both rate constants (ksm and kms) calculated
using each of the models show an overall increase with an increase in velo-
city. Bujalski experimentally investigated the diffusion-film thickness
around an octadecyl silica particle using the shallow-bed technique.[33,34]

As the flow rate was increased from 2.2 to 3.9 cm s�1, the diffusion-film
thickness decreased from 0.51 to 0.44 mm. If the stagnant mobile phase
layer is thinner at higher velocities, the solute may be able to traverse
through the layer faster. This suggests that a decrease in the thickness of
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FIGURE 4 Rate constant plotted versus distance for statistical moment (A), exponentially modified
Gaussian (B), and Thomas (C) methods at 0.088 cm s�1. Solutes: C10 (^), C12 (&), C14 (~), C16 (�),
C18 (&), C20 (�).
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the stagnant mobile phase layer surrounding the particle could cause kms

and ksm to increase with velocity, as observed in the present study.
Although the rate constants calculated using each of the three models

show the same overall trends, their magnitude varies. For example, if kms

for the C16 fatty acid is considered, values range from 0.98 to 4.7 s�1 for
the statistical moment model, from 0.45 to 4.1 s�1 for the EMG model,
and from 2.7 to 9.6 s�1 for the Thomas model for a linear velocity range
of 0.045 cm s�1 to 0.368 cm s�1. If ksm for the same solute is then examined,
values range from 3.2 to 11 s�1 for the moment model, from 1.5 to 9.9 s�1

for the EMG model, and from 8.9 to 25 s�1 for the Thomas model.
The observed differences in rate constants demonstrate the intrinsic

capabilities and limitations of each model. For instance, rate constants
for the C10 fatty acid could not be obtained at most velocities using the
moment method. In this method, the rate constants are calculated directly
from DH, the corrected plate height. If the sum of the theoretical A, B, and
C terms is larger than the observed plate height, an overcorrection will
occur that causes DH and the rate constants to be negative and, thus, inde-
terminate. This is common for very narrow peaks, where the theoretical
correction terms overestimate the width of the experimental zone profile.
This effect is an outcome and ultimate limitation of the statistical moment
model. Additionally, several assumptions of the Thomas model limit its
ability to calculate accurately the kinetic rate constants. First, as stated pre-
viously, the model assumes that all contributions to broadening arise from
nonlinear isotherms and slow kinetics of adsorption=desorption. However,
the concentrations used in this study are well within the linear region of the
isotherm and the mechanism of retention is purely partition. Second, the
method assumes that column contributions to variance from multiple paths
and diffusion are negligible. However, in a packed column, these processes
will be present and most assuredly will affect the peak broadening. Last, it
should also be noted that the rate constants from the Thomas model are

TABLE 5 Rate Constants Calculated as a Function of Length (L) between Detectors using Exponen-
tially Modified Gaussian Method at a Linear Velocity of 0.088 cm s�1

Rate Constant, kms (s�1) Rate Constant, ksm (s�1)

Solute
L4 – L1¼

35.1 cm
L4 – L2¼

29.6 cm
L3 – L2¼

24.1 cm
L4 – L1¼

35.1 cm
L4 – L2¼

29.6 cm
L3 – L2¼

24.1 cm

C10 22 19.5 26.9 8.4 7.4 10.2
C12 11 10.6 9.7 7.8 7.8 7.2
C14 3.6 3.3 4.3 5.3 5.0 6.5
C16 1.3 1.2 1.5 4.1 3.9 5.0
C18 0.35 0.34 0.34 2.3 2.3 2.3
C20 0.16 0.15 0.17 1.9 1.9 2.1
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given only at the last on-column detector, while the moment and EMG
models are calculated by taking the difference between the first and last
detector. There is no direct way to use the difference approach with the
Thomas model. Thus, any values calculated from the Thomas model inher-
ently include extra-column contributions, which could lead to incorrect
values for both thermodynamic and kinetic parameters.

Effect of Carbon Number
The rate of transfer between mobile and stationary phases is controlled

by several factors related to the solute structure and properties. These

FIGURE 5 Rate constant from stationary to mobile phase (A) and mobile to stationary phase (B)
plotted versus carbon number for statistical moment (�), exponentially modified Gaussian (&), and
Thomas (~) methods at 0.088 cm s�1.
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factors primarily include the solute affinity for the mobile and stationary
phases, diffusion in the stagnant mobile phase layer, diffusion in the
stationary phase, and interfacial resistance to mass transfer. Each of these
factors is dependent upon the solute carbon number and, hence, will affect
the kinetic behavior.

Rate constants for solute transfer from the stationary to mobile phase
(kms) decrease with increasing carbon number. However, the magnitude
and rate of change are different for each model. For the statistical moment
model, the rate constants for the C10 fatty acid could not be determined
successfully due to overcorrection, as previously discussed. For the other
solutes, the rate constants decrease over two orders of magnitude from
C12 to C20. The EMG model shows a decrease in rate constant over three
orders of magnitude. Rate constants from the moment model are consist-
ently larger than those for the same solute from the EMG model. Rate con-
stants from the Thomas model also decrease with carbon number. However,
inconsistencies in this general trend are prevalent throughout the data.
That is, the contribution to the rate constant from each additional ethylene
unit is relatively constant for both the moment and EMG models, while it is
not constant for the Thomas model, as seen in a graph of the logarithm of
kms and ksm versus carbon number (Figure 5A).

Rate constants for solute transfer from the mobile to stationary phase
(ksm) decrease with higher carbon number for the moment and EMG mod-
els, but increase for the Thomas model. Again, the contribution to the rate
constant from each additional ethylene unit is relatively constant for both
the moment and EMG models, while it varies for the Thomas model
(Figure 5B).

SUMMARY

This study is among the first to compare and support theoretical
methods to extract retention factors and kinetic rate constants from experi-
mental data. In this study, the effect of column length, linear velocity, and
solute carbon number have been systematically evaluated. Overall, values
for the retention factor are similar for each model. Retention factors are
constant with distance, decrease with velocity, and increase with solute car-
bon number. However, the values for the kinetic rate constants differed for
each model. The statistical moment and EMG models show the largest vari-
ation in rate constant as a function of distance. However, the variation
decrease substantially when the rate constants are calculated by difference
between two detectors. The moment and EMG methods by difference are
more reliable than the Thomas model at one detector. As a function of
velocity and solute carbon number, the moment and EMG models show
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the most consistent and reliable trends, as compared with the Thomas
method. Problems with the Thomas model could be related to the inherent
assumptions of the model. The model assumes that broadening arises due
to nonlinear isotherms and slow kinetics, and that all column and
extra-column effects are negligible. However, due to the nature of the
model, extra-column effects cannot be eliminated using the difference
approach. Based on these results, the statistical moment and EMG models
yield reasonable and consistent values for retention factors and rate con-
stants in an experimental liquid chromatographic system.
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APPENDIX

Comparison of Various Approaches to the Plate Height Model
Using Statistical Moments

As discussed in the text, the statistical moment model accounts for
contributions to band broadening from multiple paths, diffusion, and mass
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transfer. Accurate estimation of each band broadening term is essential to
the model. While the multiple paths (A) and longitudinal diffusion (Bm,
Bs) terms are straightforward, a variety of alternative methods have been
proposed for the mass transfer contribution to broadening in the mobile
phase (Cm). Therefore, in this work, several different methods for
determining the mass transfer term, including classical and modern, are
evaluated and compared. In this appendix, each method is developed to
utilize the difference approach. The difference between two on-column
detectors is used to subtract extra-column contributions to broadening.

CLASSICAL KINETIC APPROACHES

As described in the text, the corrected plate height is derived by subtrac-
tion of the classical contributions to broadening, such as the A, Bm, Bs, and
Cm terms (Equation (9) in text). In this Appendix, the values for A, Bm, and
Bs are fixed (Equations (10) to (12)), while those for Cm are compared. That
is, the calculated plate heights only differ in their expression for Cm.

The van Deemter[1] form of the mass transfer contribution to plate
height in a packed column can be expressed as

Hvan Deemter ¼ Cmu ¼ k2

100ð1 þ kÞ2

 !
d2
p u

Dm
ðA:1Þ

where u is the linear velocity calculated by difference (u¼DL=Dt0), k is the
retention factor calculated by difference (Equation 14), dp is the particle
diameter, and Dm is the diffusion coefficient in the mobile phase.

Based on the model originally developed by Golay[2] for open tubular
columns, Purnell[3] developed the following expression for the mass trans-
fer contribution to plate height:

HPurnell ¼ Cmu ¼ vð1 þ 6k þ 11k2Þ
96ð1 þ kÞ2

 !
d2
p u

Dm
ðA:2Þ

where v is a factor equal to 0.05. In this approach, the packed column is
treated as a bundle of open tubes of the same nominal diameter.

An alternative equation was developed by Giddings,[4] in which a single
adjustable parameter, x, is used to represent the first parenthetical term.

HGiddings ¼ Cmu ¼ x
d2
p u

Dm
ðA:3Þ

Typical values for x range from 0.5 to 5.
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Later, Giddings challenged the idea that each of the sources of broad-
ening is independent and concluded that multiple paths and mass transfer
in the mobile phase are coupled to one another.[5] Giddings expressed this
coupling as

HGiddings coupling ¼ 1

A
þ 1

Cmu

� ��1

ðA:4Þ

where A is the multiple paths term (Equation 10) and Cm is the Giddings
contribution to mobile phase mass transfer (Equation (A.3)).

Each of the mass transfer terms (van Deemter, Purnell, Giddings, and
Giddings coupling) can be directly subtracted from the plate height
(Equation (9)) in order to obtain the corrected plate height.

MODERN KINETIC APPROACHES

More recently, Miyabe and Guiochon have investigated the individual
mass transfer processes that contribute to band broadening.[6] This
method does not use the classical expressions for A, Bm, Bs, and Cm.
Instead, contributions from axial dispersion, dax, external mass transfer,
df, and intraparticle diffusion, dd, are estimated from the experimental data
and used to calculate a corrected plate height.

The sorption equilibrium constant, K, is derived from

DM1 � Dt0
1 � e

¼ DL
us

� �
qpK ðA:5Þ

where e is the interparticle void fraction, qp is the density of the packing
material, and us is the superficial velocity. In addition, DM1 is the first stat-
istical moment and Dt0 is the elution time of a non-retained component,
both calculated by difference, and DL is the distance between detectors.
The values for e and the porosity of the packing material, ep, are estimated
from Dt0 using the following equation:

Dt0 ¼ DL
us

� �
ðeþ ð1 � eÞepÞ ðA:6Þ

The value of K is subsequently obtained from the slope of a plot of the left
side of Equation A.5 versus DL=us. This equilibrium constant is used to
characterize the thermodynamic behavior of the system.
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The plate height is calculated from

H ¼ DM2

ðDM1Þ2

 !
DL
2us

� �
ðA:7Þ

where DM2 is the second statistical moment calculated by difference. The
contribution from external mass transfer is calculated from

df ¼ ð1 � eÞ
Rp

3Kf

� �
ðep þ qpK Þ2 ðA:8Þ

where Rp is the particle radius and kf is the external mass transfer
coefficient. This coefficient is given by

kf ¼
1:09

e

� �
g

qDm

� �1=3 usdpq

g

� �1=3 Dm

dp

� �
ðA:9Þ

where g and q are the viscosity and the density of the mobile phase, respect-
ively. The diffusion coefficient of the solute, Dm, is determined from the
Wilke–Chang equation.[7] A dimensionless retention parameter, d0, is esti-
mated from Equation A.10 and subsequently used in Equation (A.11) to
afford information about the contributions from axial dispersion and intra-
particle diffusion.

d0 ¼ eþ ð1 � eÞðep þ qpK Þ ðA:10Þ

H �
df
d2

0

 !
¼ DL

u2
s

� �
þ dd

d2
0

 !
ðA:11Þ

From a linear correlation of ðH � df =d
2
0Þ versus 1=us, dd can be determined

from the intercept. The axial dispersion coefficient, DL, can be identified
from the slope, and subsequently, be used to calculate dax as

dax ¼
DL

u2
s

� �
d2

0 ðA:12Þ

It should be noted that the value for dax is indirectly dependent on the
value for df, according to Equation (A.11). Finally, the corrected plate
height (DH) is calculated by

DH ¼ H � dax
d2

0

�
df
d2

0

� dd
d2

0

ðA:13Þ
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COMPARISON OF PLATE HEIGHT MODELS

In an effort to accurately determine the plate height for the purposes of
kinetic measurement, each of the aforementioned models are examined
and compared. Representative values for each mass transfer term and the
corresponding corrected plate height are given in the following tables with
respect to varying solute carbon number and linear velocity. The solutes are
coumarin-labeled fatty acids ranging from C10 to C20. The linear velocity is
varied from 0.045 to 0.368 cm s�1. All other experimental details are given
in the text.

As seen in Table A.1, the van Deemter and Purnell contributions to
mass transfer are small and similar in magnitude to one another. For both,
the contribution increases with increasing carbon number and increasing
linear velocity. However, each contribution is 5 orders of magnitude less
than the combined contribution from the A, Bm, and Bs terms. Therefore,
the subtraction of Cm yields equivalent corrected plate heights for both
equations, as seen in Table A.2. Negative values for the corrected plate
height indicate overcorrection from the A, Bm, and Bs terms, where the cor-
rection is larger than the original plate height. Rate constants cannot be
calculated from negative plate heights.

The Giddings mass transfer terms for x¼ 0.5 and 5 are summarized in
Table A.3. The Giddings correction increases with increasing carbon
number and increasing linear velocity. The term is an order of magnitude
smaller for x¼ 0.5 compared to x¼ 5. At x¼ 5, the Giddings contribution
is the same order of magnitude as the combined contribution from the A,
Bm, and Bs terms. This results in overcorrection of the plate height for
several solutes, as seen in Table A.4. When x is decreased to x¼ 0.5, the
corrected plate height increases, which is due to a smaller correction for
the Cm term. Although the Giddings mass transfer term is one order of
magnitude lower for x¼ 0.5 than x¼ 5 (Table A.3), the corrected plate
height is relatively similar at the slowest linear velocity (Table A.4). In

TABLE A.1 Mass Transfer Contributions to Plate Height According to van Deemter and Purnell
Equations (A.1) and (A.2), Respectively

Hvan Deemter¼Cm u (�10�6 cm) HPurnell¼Cm u (�10�6 cm)

Solute u¼ 0.045 cm s�1 u¼ 0.368 cm s�1 u¼ 0.045 cm s�1 u¼ 0.368 cm s�1

C10 0.3191 2.181 0.5509 4.232
C12 0.8039 5.419 0.8663 6.464
C14 1.6880 1.134 1.3440 9.823
C16 2.8310 1.983 1.9030 14.110
C18 3.8230 28.180 2.3690 18.090
C20 4.5060 34.620 2.6920 21.130

1454 A. M. Hupp and V. L. McGuffin

D
o
w
n
l
o
a
d
e
d
 
A
t
:
 
1
5
:
1
1
 
2
3
 
J
a
n
u
a
r
y
 
2
0
1
1



TABLE A.2 Corrected Plate Height (DH) Using van Deemter and Purnell Equations
(A.1) and (A.2), Respectivelya

DH (cm)

van Deemter Purnell

Solute u¼ 0.045 cm s�1 u¼ 0.368 cm s�1 u¼ 0.045 cm s�1 u¼ 0.368 cm s�1

C10 �0.0010 0.0032 �0.0010 0.0032
C12 0.0014 0.0035 0.0014 0.0035
C14 0.0059 0.0099 0.0059 0.0099
C16 0.0164 0.0322 0.0164 0.0322
C18 0.0394 0.0375 0.0394 0.0375
C20 0.0477 0.0685 0.0477 0.0686

aValues for all other parameters (A, Bm, Bs) as given in text.

TABLE A.3 Mass Transfer Contributions to Plate Height According to Giddings
Equation (A.3)

HGiddings¼Cm u (�10�3 cm)

x¼ 5 x¼ 0.5

Solute u¼ 0.045 cm s�1 u¼ 0.368 cm s�1 u¼ 0.045 cm s�1 u¼ 0.368 cm s�1

C10 2.046 16.91 0.205 1.691
C12 2.169 17.93 0.217 1.793
C14 2.286 18.89 0.229 1.889
C16 2.401 19.84 0.240 1.984
C18 2.510 20.74 0.251 2.074
C20 2.616 21.61 0.262 2.161

TABLE A.4 Corrected Plate Height (DH) Using Giddings Equation (A.3)a

DH (cm)

Giddings, x¼ 5 Giddings, x¼ 0.5

Solute u¼ 0.045 cm s�1 u¼ 0.368 cm s�1 u¼ 0.045 cm s�1 u¼ 0.368 cm s�1

C10 �0.0030 �0.0136 �0.0012 0.0016
C12 �0.0008 �0.0144 0.0012 0.0017
C14 0.0037 �0.0090 0.0057 0.0080
C16 0.0140 0.0124 0.0162 0.0303
C18 0.0370 0.0168 0.0392 0.0355
C20 0.0451 0.0470 0.0474 0.0664

aValues for all other parameters (A, Bm, Bs) as given in text.
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contrast, at the fastest linear velocity, the corrected plate heights for the two
values of x are substantially different. At the slowest linear velocity, the cor-
rected plate heights for the Giddings equation for both values of x are simi-
lar in magnitude to those calculated using the van Deemter and Purnell
equations (Table A.2). However, at the fastest linear velocity, only the cor-
rected plate heights for the Giddings model for x¼ 0.5 are similar to those
calculated using the other models. Since x represents the retention factor
dependence of the mass transfer term, a value of 0.5 appears to be more
similar to the k dependence of the van Deemter and Purnell equations.

The values for the Giddings coupling contribution calculated using
Equation (A.4) are summarized in Table A.5. These values are a combi-
nation of the contribution from both A and Cm terms. Values for the Gid-
dings coupling contribution increase with increasing carbon number and
increasing linear velocity. The term is smaller for x¼ 0.5 compared to
x¼ 5. The corrected plate heights for the Giddings coupling method are
summarized in Table A.6. The coupling method yields no negative or over-
corrected plate heights. However, the plate heights for the Giddings coup-
ling method are approximately half the magnitude of those from the van
Deemter and Purnell equations.

The modern method advocated by Miyabe and Guiochon,[6] summar-
ized in Equations A.5 to A.13, is quite different from the classical approach
to the plate height model. Values for the corrected plate height are shown
in Table A.7. The corrected plate height increases with increasing carbon
number yet, in contrast to the classical models, decreases with increasing
linear velocity. Corrected plate heights for the Guiochon method are one
to two orders of magnitude larger than those from the classical models.
Some overcorrection, primarily due to axial dispersion, is still observed
for narrow peaks. The parameters in this method are determined from
the flow rate, rather than the linear velocity (DL=Dt0), and thus error may
arise from inaccuracies in the flow rate measurement.

TABLE A.5 Mass Transfer Contributions to Plate Height According to Giddings
Coupling Equation (A.4)

HGiddings coupling¼Cm u (�10�3 cm)

x¼ 5 x¼ 0.5

Solute u¼ 0.045 cm s�1 u¼ 0.368 cm s�1 u¼ 0.045 cm s�1 u¼ 0.368 cm s�1

C10 0.7154 1.033 0.1725 0.6664
C12 0.7299 1.036 0.1812 0.6817
C14 0.7426 1.039 0.1893 0.6951
C16 0.7544 1.042 0.1971 0.7076
C18 0.7648 1.044 0.2044 0.7187
C20 0.7744 1.046 0.2113 0.7289
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It is important to note that most of the methods examined herein yield
comparable values for the corrected plate height and, hence, comparable
kinetic rate constants. However, the number of variables and the accuracy
with which they are known can limit the accuracy of each method. The
van Deemter equation is straightforward, having no adjustable parameters.
The Purnell equation generates comparable values to the van Deemter
equation, however, it relies on a proportionality constant (v) that dictates
the magnitude of the mass transfer term. While the Giddings mass transfer
equation is straightforward, it also relies on a proportionality constant (x).
Depending upon the magnitude of this constant, it can cause an overcor-
rection in the plate height for some solutes at some flow rates, making it
less useful in practice. The Giddings coupling theory, with a similar adjust-
able parameter, provides corrected plate heights that are approximately
half the magnitude of the other classical models. On the other hand, the
Guiochon method yields corrected plate heights that are substantially
larger than those from the classical methods. This method is more

TABLE A.6 Corrected Plate Height (DH) Using Giddings Coupling Equation (A.4)a

DH (cm)

Giddings coupling, x¼ 5 Giddings coupling, x¼ 0.5

Solute u¼ 0.045 cm s�1 u¼ 0.368 cm s�1 u¼ 0.045 cm s�1 u¼ 0.368 cm s�1

C10 0.0000 0.0008 0.0005 0.0012
C12 0.0009 0.0009 0.0015 0.0013
C14 0.0029 0.0035 0.0034 0.0038
C16 0.0074 0.0122 0.0080 0.0126
C18 0.0178 0.0141 0.0183 0.0144
C20 0.0214 0.0255 0.0219 0.0259

aValues for all other parameters (A, Bm, Bs) as given in text.

TABLE A.7 Corrected Plate Height (DH) Using Modern Kinetic
Method of Guiochon (Equation (A.13))

DH (cm)

Guiochon

Solute u¼ 0.045 cm s�1 u¼ 0.368 cm s�1

C10 �0.0270 0.0046
C12 0.0210 0.0023
C14 0.1395 0.0204
C16 0.3774 0.1003
C18 0.8572 0.1101
C20 1.0181 0.2028
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challenging to use, as it relies on experimentally derived values for numer-
ous variables. Thus, after investigation of each method, the van Deemter
equation is deemed most suitable for these chromatographic conditions
and, thus, is selected for primary use in this study.
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